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The problem of isothermal diffusion in a variable molecular-weight binary gas mixture is con-
sidered for the case when the process occurs in a laminar boundary layer. Viscosity and diffusion
coefficient are assumed constant. Solutions are given for both forced and free convection at
large Schmidt numbers and large mass transfer rates toward the surface. Use of the molar av-
erage velocity considerably simplifies the results. These results suggest that the constant density
solution in terms of mole fractions, evaluated at free stream conditions, may be a good approxi-
mation for variable density. This technique, improved by an approximate correction derived herein,
is shown to agree reasonably well with the results of exact numerical solutions of the boundary

iayer equations.

In general, solutions of the laminar boundary layer
equations for problems involving diffusion, where v. #
0, are obtained only with difficulty. Because of the large
number of parameters connected with these problems,
one approach has been to obtain fairly general asymptotic
solutions of these equations (I to 5). Such asymptotic solu-
tions have been very useful, since in many cases the re-
sults prove to be valid over wide ranges of the parameters.
In this paper, effort is directed toward the solution of
the momentum, continuity, and diffusion equations for
several limiting isothermal situations where the density
is composition dependent. Presumably such solutions are
of particular interest with regard to binary diffusion in
gases where the species have different molecular weights.
For in perfect gas mixtures the diffusivity is essentially
constant, while viscosity variations are normally over-
shadowed by density changes. Furthermore, the effect
of a varying density cannot be ascertained by evaluating
the constant density solution of equations (2 to 4) at an
average density, since such a procedure causes effects of
density to cancel from both the continuity and diffusion
equations.

The development here proceeds in two stages. First, it
is shown how the forced convection problem is solved
for large Schmidt numbers using a mass fraction formula-
tion. This exact result is compared with an approximate
variable density correction obtained earlier, and it is in-
dicated how this correction may be used for problems in-
volving variable surface conditions when v, = 0. Atten-
tion is then focused on the formulation of the high
Schmidt number problem in terms of mole fractions, as
has been done by Stewart (5). It is shown that this
kind of formulation also leads to simplified results for
free convection at large Schmidt numbers, and for both
forced and free convection with large mass transfer rates
toward the surface. In light of these results, and with the
aid of an approximate variable density correction derived
in the appendix, a calculation technique is suggested for
problems of forced convective diffusion in gaseous sys-
tems having a variable density. This technique is shown
to agree reasonably well with numerical calculations for
systems differing widely in molecular weight.

MASS FRACTION ANALYSIS

The problem considered is that of binary diffusion in
a perfect gas mixture. The viscosity and diffusion coeffi-
cient are assumed to be constant. Since the mixture be-
haves ideally
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For steady laminar boundary layer flows, the conservation
equations for mass, momentum, and diffusion become
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Definition of the dimensionless variables is given in the
nomenclature. The use of Equation (1) and the introduc-
tion of the new variable § = In M/M. permit Equations
(2) and (4) to be written as

du, ovu, 1 S
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For certain limiting situations where the solution of the
momentum equation is quite simple, Equations (5) and
(6) can be easily solved. For example, at large Schmidt
numbers, except near the point of separation, it can be
shown (12) that the solution of the momentum equation
appropriate within the diffusion layer is u, = Bi(x:)y..
At the point of separation for high Schmidt numbers, u

1dpy

w dx 2
numbers, u = U. These limiting relations are all valid
for variable density as long as the viscosity is constant.
The asymptotic boundary layer situations are of some
practical importance, particularly since the solutions ob-
tained in this way are often valid over fairly wide ranges
of the parameters,

In order to treat the preceding cases in a unified man-
ner we take u;, = M(x:)y,", where M(x.) and m must
be chosen appropriately. The presentation here is given
for two-dimensional flows. For axially-symmetric flows
Mangler’s transformation may be used. For three-dimen-
sional flows, modifications suggested by Stewart (5) may
be incorporated. Thus for high Schmidt numbers (except
near the point of separation) M(x,) = Bi(x:) and m = 1,

. For flow past a flat plate at small Schmidt
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etc. It is assumed that S/S, = 6(y) where n = y./I(x).
G oW

Ns. oy,
ance, Equation (5) gives the following expression for v.
o Boo'(0)  Su.¢" | S.6'(0) aM  ym"

' Nsol  Nel ' Nal de, m+1
(7

Since v1, = —

) from the surface mass bal-

If L is given by

1 (m+2) (™ L
l == —1{ ~£] Mm+1 dx1 }mﬂ

M—m NBc (8)
then Equation (6) becomes
0/’ —_ 0/[7’1»1»1 + AQ’(O)] . Swelz (9)

The boundary conditions §{0) = 1, #(«) = 0 corre-
spond to the case where the surface mass fraction and
the ratio #,/m,, are held constant. The solution of Equa-
tion (9) subject to these conditions yields the quantity
¢ (0), which is related to the surface mass flux.

0,(0) — _(Mm/M”)

— (10)
—\—+ M’(O)n)
+2

¢ ‘fo € dy
Thus ¢’(0) depends on the independent parameters B
and M,,/M.. If the mass transfer coeflicient is defined by

W
——D-"’—) = (W — W)
dy

w

we find
_ Dg#'(0)

l

If Ao, is the coefficient for the case where B — 0 and
M, —> M, then

hn = (11)

by $9°(0)
hoo  @(0),
The total rate of mass transfer is 1, = puhp (W — W)

[1 + GW.,]; for my = O this becomes m, = p.hsB. Val-
ues of hp/ho, as a function of B and M,/M, are shown

(12)
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Fig. 1. Effect of pw/p, and B on mass transfer coefficients ing
laminar boundary layer.
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in Figure 1 for m = 1. The effect of varying density is
seen to be strong.

It will be shown below that by working in terms of
mole fractions rather than mass fractions it is possible to
eliminate the parameter M../M, for all of the cases so far
considered. For the important case m = 1 this has been
demonstrated by Stewart (5). Moreover, it will be found
that a mole fraction formulation seems to be desirable in
many instances.

Equations (5) and (6) can be put into a convenient
integral form as shown in Appendix I. The integral
method can then be used to obtain an accurate, concise
expression for the quantity h,/hs, in the case where B
= 0. This expression is given by

hy ¢

ho, - 2
4 ma3
LA
( +21

This result will be used later in the paper.

(13)

Comparison with Approximate Correction: Extension to
VYariable W,.(x) or mi(x) with v, = 0

The approximate variable density correction of refer-
ence 6, which is based on the assumption that ¢ and v
in Equation (6) are independent of density, will now be
compared to the exact results. In Figure 2 this compari-
son is made for B = 0 and 4 = By. In view of the sim-
plicity and generality of the approximate correction, the
agreement is quite reasonable. The maximum error for
0.1 < M,/M, < 10 is seen to be about 17% Since the
approximate correction is in reasonable agreement with
the exact results, this technique will now be extended to
situations where the wall mass fraction or mass flux may
be prescribed functions of x. Retaining the assumption
that 4 and v in Equation (8) are independent of p, and
hence of s, it is possible to superimpose solutions to ac-
count for the combined effects of variable surface mass
fraction or mass flux and variable density. These relations
are restricted to very small surface velocities. If the sur-
face mass fraction is specified, the surface mass flux is
given by (7)

) 1 1 ’
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Fig. 2. Comparison between exact results and approximate correction.
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where hoo(x, ¢) is the constant p, v, = 0 mass transfer
coefficient for the case of a step in suiface mass fraction.
If the surface mass flux is specified the surface mass frac-
tion can be determined from (8)

* dma ()
wp (W, —W,) = —_— 15
put( = I s
where ho,(x, {) is the constant p, v, = 0 mass transfer

coefficient for a step in wall mass flux. Thus, in the case
where the surface mass flux is specified, Equation (15)
shows that hy,/ho, = ¢(x), where ho, is the constant
density coefficient for the case of an arbitrary mass flux.

These approximate results are useful since they are
not restricted to any particular geometry or Schmidt num-
ber. They should also apply for turbulent flow. The essen-
tial restriction of these results is to cases where B (or
correspondingly, v,) is small. The requirement is that
the effect of B on hy be small compared to the effect of
M, /M.. It can be shown that the permissible range of B
values increases with increasing M./M..

USE OF MOLE FRACTIONS

As mentioned earlier, it is possible to eliminate the
parameter M./M. from the exact solutions obtained in
the previous section by working in terms of mole frac-
tions. For the case m = 1, this has been demonstrated by
Stewart (5). Similar results will be obtained for the cases
m = 0, m = 2. Use of mole fractions for these cases
leads to mass transfer coefficients that are simply the con-
stant density coeflicients evaluated at free stream condi-
tions. It will be shown below that this conclusion can be
extended to the case of free convection at high Schmidt
numbers (a case of little practical interest, since the re-
sults would be expected to be valid only for Ns. > 10 or
s0), as well as to the cases of forced and free convection
with large mass transfer rates toward the surface. It is
also shown that variable density mass transfer coefficients
calculated from numerical solutions of the boundary layer
equations correlate much better in terms of mole fractions
than in terms of the original mass fraction variables.

The mole fraction formulation of isothermal binary
diffusion problems involves use of the molar average ve-
locity (9) rather than the mass average velocity. This is
due to the molar density being independent of composi-
tion for perfect gas mixtures. The dimensionless molar
velocity components are related to their mass average
counterparts by

(M, —M,) 09
R L el 16
b T A Nee Ny 0% (16)
(forced flow)
o =01#_(_1\11“’_"_A_'I"’_) 96 (17)
' MN,, oy
(M, —M.,) a6
SR Aol 18
“ MNarllz Ns. 0%, ( )
{free flow)
M,—M,) o
ugzog“—_(__z\_/[N—_).ﬁ (19)

where § = (x — X))/ (X0 — %x.).

In the absence of homogeneous chemical reaction, and
for isothermal perfect gas mixtures, the continuity and
diffusion equations become -identical to their constant
property forms.

du® ao*®

ax oy

—0 (20)
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w0y N, oy

Here, appropriate subscripts must be used, depending
upon whether the problem is one of forced or free con-
vection. The advantage of retaining the continuity and
diffusion equations in their constant property form is
compensated for by means of complications in the mo-
mentum equations. However, these complications are
minimized for boundary layer flows, both forced and free.
From the customary order-of-magnitude arguments (10},
it is easily seen that the last terms of Equations (16) and
(18) can be neglected for large Reynolds and Grashof
numbers, respectively. The neglect of these terms is com-
pletely analogous to the more familiar dropping of axial
diffusion compared to axial convection. Thus for laminar
boundary layer flows, either forced or free, 4 = u® and
the pertinent momentum equations become

{forced)

M ou.* ouy® Fu®
—-(u{* + 0,0 )—: — +

M, 01, oy, oy.*
(5-1)
M, 06 ou.” du,
2 Ly (22)
NSc ayl ayx dxl
(free)
M du,* ou® Fu*
A + v* = — +
M., ox. Y. oy’
(3-1)
M, 8 out
§sin e + = (23)

Nee Oy oy,
Boundary conditions:

y:oo;0=0, ulﬂr:l, uzu:()

0
y=0, x>0 u“=0,v=——DG’*-a—:) ,90=1

x=0y>0; u* =1, =0

For free convection in perfect gas mixtures it may be
noted that the effect of variable density is of paramount
importance, since the motion is induced by density differ-
ences. It will be shown that several solutions to the above
equations can be obtained analytically. These solutions all
indicate that variable density results can be obtained
simply by evaluating properties at the free stream value,
provided that a mole fraction formulation is used.

Large Schmidt Numbers

Forced Convection. For large Schmidt numbers, Stew-
art (5) has given the solution to Equations (20), (21),
and (22) for forced convection, except near the point
of separation. For this situation it is easily shown (11,
12) that only the viscous term in Equation (22) is im-
portant, and the solution in terms of mole fractions is
simply the well-known Lighthill solution modified for the
effect of a finite interfacial velocity (4, 5). This solution
can be made slightly more general by noting that the
cases of a separating flow at large Schmidt number and
flow over a flat plate at small Schmidt numbers can be
obtained at the same time by writing 4, = M (x,)y.™ and
using appropriate values of M(x:) and m. Thus for flow
over a flat plate at low Schmidt numbers, the viscous
term in Equation (22) can be neglected and then u® =
U clearly satisfies the momentum equation, so that in this
case M{x,) = 1, m = 0. For the case of a separating
flow at large Schmidt numbers, u* = — p.UU.y"/2u. Tak-
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ing § = 6(n) with 5 = y./I(x), where I(x) is given by
Equation (8), the diffusion equation becomes

6" = —0[»"" + B*¢'(0)1 (24)

Here B* = G*(x, — x.); this quantity becomes equal
to (%w — %.)/(1 — x,) for the familiar case of diffusion
through a stationary component. The solution is restricted
to situations where N./N, is constant and for a constant
surface mole fraction downstream of a step at x = x,. If

a
the mass transfer coefficient h,* is defined by — D a_x)

= hp*(%w — %.), then the solution of Equation (24)
yields

hp® _ 1.288
hoe® j;w e —(::; + B“H‘(O)ﬂ) dn

where hno* is the coefficient for B* = 0, Values of this
integral for m = 1 are given in reference 9 along with a
graphical representation. Asymptotic forms of the integral
are given in Table 1. The total molar rate of transfer of
component 1 at the surface is given by

(25)

N, = cho® (1 + x,G* ) (%00 — %)

For N, = 0 this becomes N, = ch,*B*. These results
have been obtained previously for constant property sys-
tems, where there is no difference between mass and
mole fractions. Stewart (5) recognized the im}fortance
of the mole fraction formulation for this problem (m
= 1). However, successful use of the mole fraction for-
mulation goes back to the study of certain one-dimen-
sional problems (9), where it is not necessary to use the
momentum equation. As mentioned earlier in the paper,
the mass fraction result, Equation (10), may be trans-
formed into Equation (25) by means of relations be-
tween mass and mole fractions. Obviously, the result in
terms of mole fractions is much to be preferred, since it
eliminates the parameter M,/M,. While this result is
interesting and significant, the question of the applicabil-
ity of this result for gas mixture remains, since the analy-
sis is based on the assumption of a large Schmidt number.
This question will be considered later in the paper. Al
though an explicit formula for (hy®/hn*) in terms of B*
cannot be obtained from Equation (25), it is interesting
to note that Equation (13), which relates ho/ho, to
M./M., for B = 0, can be used for this purpose. Thus
relating ho/hs, to ho*/ho,* and eliminating M.,/M. in

TABLE 1

-nﬂ
© n
Asymptotic values of j; e dg=1

1 T(n)
I='17[1— b ]
_ les/(n =1 "

I = —‘(—,T_T)‘exl) (n: 1 )(_b)(ﬁ)\(b .

(b>3)

(—b) 2(n — 1) J
SRCUR
[N
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favor of B*, making use of the fact that B = 0 in Equa-

tion (13), a very accurate and simple formula for
ho®/ho,* (B*) is derived.

hy* 1

RN In (1 + B®)
ho* B*

4 o L
{1—{-2—11:1(1—&-3 )}

This formula represents the results of Equation (25)
very well,

Free Convection. At large Schmidt numbers in free
convection, the usual coordinate stretching (12) applied
to Equations (20), (21), and (23) shows that only the
viscous and gravitational terms need be retained in the
momentum equation in order to calculate the surface
mass flux. Thus with a properly defined Grashof number
and with use of mole fractions, the variable density
equations take their constant property form. As shown

in references 4 and 13, appropriate results for a New-
tonian fluid are

hp* 1 4 = g 4 .
D (Ne, Nsc)l“ 1 8(sin E)l/x A (Sm E) x} —
(27)

(26)

b= 0.54 (B* = 0); b = 0.407(bB*)™"
exp {— 0.541(bB*)**} (B®> 8)

Although there is doubt about the usefulness of these
relations for gas mixtures, it is nevertheless intereSting
that the use of mole fractions leads to simplified results
at large Schmidt numbers for both forced and free con-
vection.

LARGE MASS TRANSFER RATES
TOWARD THE SURFACE

Acrivos (3) has shown that for diffusion problems with
large interfacial velocities directed toward the surface,
the boundary layer equations for both forced and free
convection may be solved even for a variable property
fluid. His results, given in terms of mass fractions, are
particularly simple for the case of constant properties. It
will be shown that for both forced and free convection,
with constant viscosity and diffusivity, the constant dens-
ity results apply even for a varying density, provided that
the solution is given in terms of mole fractions with the
properties evaluated at free stream conditions.

Forced Convection
Following Acrivos, let u,* = U.(x)F’(5) and ¢ = §(n)

zy 1/2
with ¢ = U/ (2 J; Uldxl) . The boundary condi-

tions are

B* ¢ (0)
0 Fe) pog g=1
7=0 Ne
n=c0: F'=18=0
Letting ¢'(0) = b where b — « as B* —> — 1, and de-
fining
z=>by, §=H(z)
B*b  6(x)
Fo—
N, T

causes Equations (20), (21), and (22) to take the fol-
lowing form for b — oo.

o (G-
e 2l Bl (=21 )H 41|+
¢ +NSc MW
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H’(ﬁ:—l)} =0 (28)

B* ¢
H” + N, [-— —] H =
+ ot 0 (29)

The boundary conditions are
$(0) = ¢/(0) = H(e0) =0
¢ = () =H(0) = 1

It is easily shown that for b - « (B* - — 1)

Nﬂe
bz\/<1+3“><1+sz> (30)

The Nusselt number becomes

hpﬁL _ U N}n NSa

(VT

(31)

This is just the constant property result in terms of mole
fractions evaluated at free stream conditions. It seems
reasonable to suppose, then, that the interpolation for-
mula suggested by Acrivos (8) to cover the range be-
tween B = 0 and B — — 1 may be a good approximation
for variable density, if the interpolation formula is inter-
preted as recommended above.

Free Convection

In this case, again following Acrivos, let

1/4
(2 st

n = and

{ .’;Ez (Sll’l e)l/s dx_. }114
172 IN 12
u, = F'(n) (—:—) (sin e)l"’{ J; (sin €)' dxz}

as well as § = 6(n). Then introducing ¢’(0) = b, where

b, - « as B®* — — 1, and defining z, = by, F =

B#bl 1 1

~ + %i)_ and 6§ = H(z), Equations (20}, (21),
Se 1

and (23) become (for b, — o)

2 Bﬂ M"’ ’”
" —— ——1JH+1|¢"+H+

NSc M:n
Mw )HI 1”
_—1 =0 32
¢ B‘]
H” + Ng. [——'—- H =0 33
R X (33)

The boundary conditions are $(0) = ¢’(0) = ¢'(x) =
H(w) = 0, H(0) = 1. Solving this system for b, as
b, —> o (B* — — 1) yields

NSc2 1/4
b‘={2(1+3*)(1+NsC)} (84)

This is again just the constant density result in terms of
mole fractions evaluated at free stream conditions. The
Nusselt number for this situation becomes

hD*L . 3 NGr NS:;2 }1/4 .
D 1 8 (14 B*)(1+N)
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(sin €)™*
Ty 3/4
{ S (sin o e }

Thus for both forced and free convection the simple
constant property results are obtained, provided that the
free stream density is used. These relations are quite use-
ful, since they are appropriate for moderate Schmidt
numbers and since they have been shown to hold reason-
ably well, at least for constant properties, for relatively
small rates of mass transfer.

DISCUSSION

It has been shown that a mole fraction formulation of
several problems of isothermal diffusion with a density
varying according to the perfect gas law leads to constant
property solutions evaluated at free stream conditions.
This was seen to be true for both forced and free con-
vection at large Schmidt numbers and at moderate
Schmidt numbers with large mass transfer rates toward
the surface. These results suggest that in other cases in-
volving diffusion in gas mixtures, the constant property
results in terms of mole fractions may be a reasonable
approximation, particularly if these results are evaluated
at free stream conditions. Using the approximate variable
density correction derived in Appendix II, this technique
was compared to exact numerical results reported in ref-
erence 14 for injection into air of iodine, carbon dioxide,
water, helium, and hydrogen, respectively., While a plot
of this comparison is not shown because of the different
Schmidt numbers involved, agreement was found to be
reasonable with maximum errors of about 15%. Finally,
by combining Equations (26) and (A.) an approximate
formula can be given for diffusion by forced convection
in gaseous systems having a free stream Schmidt number
of ‘unity.

v (msmy

hoo® 4 -
1+ —~In(1+ B*
{ + o n(1-+ )}

{ @ }1/3
L ]
e’ —1

(36)

where @ = —= — 1. This formula agrees very well with

flat plate numerical calculations for constant density
when N, = 1; the effect of geometry is known to be
small (15). Thus based on the above comparisons with
numerical results, Equation (36) should provide good
estimates of the quantity hy®/hn” for a moderately vari-
able molecular weight if the free stream Schmidt num-
ber is near unity.
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NOTATION

A = Bé — S,

c = molar density

B = G(Ww —_ Ww)

B* = G*(%0 — %)

D = diffusion coefficient

G = {1 + mia/m) /[1— Wa(l + sn/rn) ]
G* = (1 4+ N./N,)/[1 — x.(1 + N./N.)]
hD = D(aW/afl) w/(Wm_Ww)

ho* = D{(0x/3Y)w/ (%0 — Xu)
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ho, = mass transfer coefficient for zero surface velocity
and constant p

hoy(x,£) = ho, for the case of a step in W, at x = ¢
hoo(x,{) = ho, for the case of a step in m, at x = {
_ 1 (m+ 2) J" N N
x) = ————;1 N . M(x)"dx | ™
(M(x))™ v
M = molecular weight
m = i = 1,2; component surface mass flux
N, =1i=12%; component surface molar flux
N L lo=pu)
Umz Po
Ny. = hsL/D
N Re L Umpm/ M
N 8 = .U'/ P:)D
S = In(p/p.)
t = longitudinal velocity component
U, = u/U,
U, = ul/vy Ng, "
u* = molar-average longitudinal velocity component
u1* = u#/ U.
uﬁ# — u*L/Vn N6r1/2
Ue = local free stream velocity
U, = velocity far from object
U1 = U(z)/ Uoo
v = transverse velocity component
v; = v N*/U,
Vg = v L/v, Ng*
©* = molar-average transverse velocity component
0.® = v N;,"*/U,
v, = v*L/v, Ng*
W = mass fraction of component 1
x = mole fraction of component 1
Y =Y Ne"/L
yz = y NGrlﬂ/L
Greek Letters
a =M.,/ M, — 1
B - Tw/ o
€ = angle between body force and normal to surface
g = dynamic viscosity
P = mass density
Pz = P/ P=
d) = Sw [Mw/M:n'—l]
e = zero mass transfer surface shear stress evaluated
at free stream conditions
w = conditions at the surface
o = conditions in free stream
» —

quantity based on mole fractions
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APPENDIX |

By integrating Equation (6) with respect to y from 0 to
8’ (diffusion boundary layer thickness) and combining with
Equation (5), the integral diffusion equation is obtained for
an ideal solution in terms of S.

d fb' fﬁ’ (as )2
— Sdy — D — ) dy=
dxv', ey o v

8y

a8 |
D— (S.—Bp—1 (A1)
0y |
For vw = 0, the following S profile satisfies the first three

compatability conditions at the wall and at the edge of the
diffusion layer.

=g a5 (%) -(2)

—_—_— = —| =) - = As

Sw 3 b'+ 3 ol o’ (As)
By combining Equations (A:) and (A.) (for B = 0) a con-

cise and accurate expression for ho/hn, is obtained. The result
is

o (As)

APPENDIX Il

Modification of Large Schmidt Number Solution for Forced
Convection to Include Effects of M,,/M_ and B* at Finite
Schmidt Numbers

The solution to the diffusion equation for forced convection
at large Schmidt numbers with a variable density has been
given by Stewart (5) and discussed in this paper. For constant
properties the high Schmidt number solution has been modi-
fied so as to give good results at moderate Schmidt numbers
even for finite interfacial velocities (15). This modified large
Schmidt number solution will be extended here to include
effects of a varying density. As in the constant property case,
the modification is constructed by correcting the surface shear
stress on a flat plate for the effect of a finite interfacial velocity
and varying density in a manner which should be reasonable
for large Schmidt numbers. Then, hopefully, the results will
be usetul even for Schmidt numbers of order unity. Taking

au

M = M, in Equation (22), dropping U 5 (valid for flat
dy

. BY

— — =— and using

plate), substitutine u* = By, v* = vu =
dx 2

.
the similarity transformation given in Equation (8) with 7=

g(n) gives
__nsgrz Nﬂcg" +
(Mo —M,)
#(0)g | B _I____M__e-n(m] (B.)

L3

For the boundary conditions g(0) = 0, g{co) = 1 the solu-
tion is

g&)—) = f‘”"”{ ‘z\;
o (B femalln o

ES

[h(n) +

For Ny, = 1 the integral is easily evaluated to give

£==<%b) '(fid) (Ba)

Nge— o
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Substituting the corrected shear stress into the expression for
hy* yields the expression for the corrected mass transfer co-
efficient when Ny, = 1.

Ge)  =G=) (F=)
hDo‘l N - hnoﬂ ° e*—1 (B4)

e =1 Nsc -

Thus the term [a/(e® — 1)]** is the predicted variable density
correction when Ns, = 1. Since the analysis is approximate

and the integral clumsy for Ns, == 1, this correction is sug-
gested for all Schmidt numbers near unity. Use of this cor-
rection is made in the Discussion Section of the paper. As in
the case of constant properties, it is expected that this cor-
rection might apply reasonably well to geometries other than
the flat plate.

Manuscript received October 14, 1963; revision received September 14,
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Interstage Mixing in an Oldshue-Rushton

Liquid-Liquid Extraction Column

EDGAR B. GUTOFF

Polaroid Corporation, Waltham, Massachusetts

Interstage mixing was measured in a 4-in. diam, Oldshue-Rushton column fed with a salt
solution at the top and distilled water at the bottom, with the diluted salt solution leaving

at the top.

Mixing between stages is relatively slight at low agitator speeds, but increases very rapidly
with speed once the turbulent region is reached. Interstage mixing is reported in terms of
bulk backflows and also in terms of eddy diffusivities, The amount of interstage mixing is

similar to that reported in the literature for rotating disc contactors.

Yariations in the horizontal boffle plate design were also studied.

The use of vertical columns rather than mixers-settlers
for the continuous extraction of a solute from one liquid
into another is quite commonplace. Similar columns are
also used as chemical reactors. The efficiency of the col-
umn depends mainly on the rate of mass transfer between
the phases. However, a number of workers (2, 5, 8, 10,
11) have recognized that backmixing or internal circula-
tion may be a major cause of a lowered efficiency in
these columms, In fact, just recently Treybal (9) proposed
a new type of column whose complex internal construction
is designed to eliminate interstage mixing.

The degree of interstage mixing that takes place during
liquid-liquid extractions is not normally easy to measure.
The lowered efficiency that results from backmixing often
shows up as a maximum in the curves of extraction effi-
ciency vs. agitator speed. Higher speeds decrease the
drop size and therefore increase the surface, and thus,
along with the greater turbulence, tend to increase the
rate of extraction. On the other hand, higher speeds also
increase the interstage mixing; therefore there is often an
optimum agitator speed for any given system.

Until now, the actual amount of backflow has not been
determined, although Westerterp and Mayberg (10)
found that an impeller in the top stage caused severe
interstage mixing in the top three stages of a rotating disk
contactor. Miyauchi et al. (3, 4), Eguchi and Nagata
(1), and Sleicher (7) have taken interstage mixing into
account by using an eddy diffusivity term in the mass
transfer equations. From the actual performance of the
column, it is then possible to determine the value of the
eddy diffusivity. Strand, Olney, and Ackerman (8) and
Westerterp and Mayberg (11) have directly measured
this diffusivity term in a rotating disk contactor.

Page 712

A.1.Ch.E. Journal

The approach taken here is to directly measure the
amount of interstage mixing in a model, single phase
system where no extraction is taking place. In this agi-
tated column the contents of any one stage are assumed
to be homogeneous, and concentration changes should
then occur in a step-by-step fashion at the horizontal
plates separating the stages. The results are explicit, and
should directly relate to actual conditions.

EXPERIMENTAL

The Oldshue-Rushton type column (5) used for these tests
is illustrated in Figure 1. The column consists of a 4-in, 1.D.
Plexiglas tube. The stainless steel horizontal plates have 2-in.
diam. openings and are spaced 2 in. apart. The four Y-in.
wide vertical baffles serve to support the horizontal plates. The
2-in. diam., six bladed turbine agitators are manufactured by
the Mixing Equipment Company. Teflon steady bearings are
used at the top and bottom of the column.

A salt solution is introduced into the top of the column,
and distilled water into the bottom. Diluted salt solution is
removed from the top. The amount of interstage mixing is
determined from the salt concentration at the bottom ci, the
salt concentration of the effluent diluted salt solution cs, and
the distilled water flow F.,, as follows.

The nomenclature illustrated in Figure 1 is used. A salt
balance on the top portion of the column above stage n gives

¢:Fs & ¢n (Fy + Fu) = caFe + CnaFy (1)

while the overall balance is

¢:Fs = caFas (2)

Therefore
Cn(Fb+Fw):’Cn—1Fb (3)
July, 1965



